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1.  Introduction 

 
 Yang-Mills (non-Abelian) gauge theories are distinguished from Abelian gauge theories by virtue 
of the extra term 2igG  in the field-strength two-form 2igGdGF += , where G is a gauge potential one-

form for the Yang-Mills gauge fields and g is the group charge strength.  Therefore, with 0=dd  for any 

two successive exterior derivatives, the magnetic source three-form ( ) 22 igdGigGdGddFP =+==  is 

non-vanishing and the electric source three-form ( )2**** GigdGdFdJ +==  using the Hodge dual 

*  acquires an additional term 2* Gigd , in contrast to the QED sources 0=== ddAdFP  and 

dAdFdJ *** ==  of Maxwell’ s equations where A represents the photon (classical potential) one-
form. 
 We obtain an exact analytical solution for the gauge potential G in terms of the currents J, for any 
Yang-Mills group SU(N).  We then apply this to SU(3), and demonstrate a possible origin for the mass 
and width spectra of the vector bosons of QCD.  
 
2.  Electr ic Sources in Yang-Mills Gauge Theory, and the Need for  a Propagator Matr ix for  Groups 
Larger  then SU(2) 
 We start by examining the Yang-Mills electric current ( )2**** GigdGdFdJ +== .  We 
examine this in general, for any simple gauge group SU(N).  We note that this is a conserved current, 

0** == FddJd  on account of 0=dd . 

 In QED, the electric source dAdFdJ *** ==  does not contain a non-linear 2* Aigd  term.  

Written as mn
m

nm
m

mn
m

n AAFJ ¶¶-¶¶=¶= , one applies the gauge condition 0=¶ m
mA  to reduce to 

the familiar wave equation nm
m

n AJ ¶¶= .  To solve for A, we set s
snn e xiqeA -=  where ne  is a 

polarization vector and sq  is the momentum vector of the (massless, 0=s
s qq  on shell) photon nA , 

from which one readily obtains nnm
m

n AqAqqJ 2-º-= .  Then, we obtain the function )(JA  rather 

than )(AJ .  Because 2q  is a scalar, one may simply divide through by 2q  to write ( ) nn JqA 2/1-= . 

 In Yang-Mills theory, obtaining an exact solution )(JA  is more complicated, first, because of 

the extra term 2* Gigd  in 2**** GigddGdFdJ +== , and second, because mm
i

iGTG º , 
mnmn

i
i FTF º  and mm

i
i JTJ º  are NxN matrices and so the analog to the 2q  scalar is itself also an NxN 

matrix.  This means that the 2q  analog cannot simply be placed in the denominator in the manner of 

( ) nn JqA 2/1-= ; rather, one needs to carefully identify the inverse of the 2q  analog. 

 Specifically, we write 2**** GigddGdFdJ +==  in gauge 0=¶ m
mG , where charge 

conservation is expressed by 0=¶ m
mJ , in the expanded form: 

 
[ ] [ ]n

m
mnm

m
nm

m
mn

m
nm

m
mn

m
n GGigGGGigGGFJ ¶+¶¶=¶+¶¶-¶¶=¶= ,, , (2.1) 

Next, we separately define an antisymmetric field strength tensor [ ]nmmn GGigFNL ,º  from the non-

linear term [ ]nm GGig ,  in (2.1), hence mnnmmn
NLFGF +¶= ][ .  From this, applying 0=¶ m

mG , we 

define a non-linear current contribution, to be explored in more detail in section 5: 
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[ ] [ ] ( ) ( )[ ]mn
m

n
m

mn
m

mnm
m

mn
m

n GGGGigGGigGGigFJ NLNL ¶-¶=¶=¶=¶º ,, . (2.2) 

This enables us to rewrite (2.1) more succinctly as: 
 

nnm
m

n
NLJGJ +¶¶= , i.e., nnnm

m NLJJG -=¶¶ . (2.3) 

Now, we specify s
snn e xipeG -=  where sp  is the momentum vector of the nG , but we must keep in 

mind that mm
i

iGTG =  is an NxN matrix, and therefore, that mm ee i
iT=  and ss

i
i pTp =  are also NxN 

matrices.  Thus, for SU(N), mei  and s
ip , represent the polarization and momentum vectors for the 

corresponding m
iG , all with 13,2,1 2 -= Ni � , and we use sp  rather than sq  to denote the possibility 

that at least some of the nG  may become massive by gaining a longitudinal degree of polarization.  

Written out fully, s
s

s
s nnnn ee xpiT

i
ixip

i
i i

i

eTeGTG -- === .  We now calculate nm
m G¶¶  in (2.3). 

 To properly calculate spacetime derivatives for the NxN matrix nG , we employ an antisymmetric 

combination of mp  and nG  using the quantum mechanical operator equation (see, for example, [1], just 
after equation (2.164)): 
 

[ ]nmnm GpiG ,=¶ . (2.4) 

Applying the above to (2.3), expanding all commutators, and then re-consolidating, yields: 
 

[ ][ ] nnnm
m

nm
m NLJJGppG -=-=¶¶ ,, . (2.5) 

where we have set the other consolidated term [ ] 0, =¶ nm
m Gpi  on account of local conservation 

0=¶ m
mp  of the momentum four-vector mp .  The term [ ][ ]nm

m Gpp ,,-  is an NxN matrix for SU(N), so 

we may rewrite (2.5), using [ ][ ] [ ][ ] nm
m

nm
m kj

lkj
l GppTTTGpp ,,,, =  and the structure relationship 

[ ]kj
i

ijk TTTif ,= , as: 

 

[ ][ ] ( )nnnnnm
m

nm
m

nm
m kNLk

k
NLk

m
j

l
mli

kji
kj

lkj
l JJTJJGTppffGppTTTG -=-=-=-=¶¶ ,, . (2.6) 

 For the special case of SU(2), where kjikjif e=  is the antisymmetric Levi-Civita tensor with 

1123 =e , we can set mli
kji

mli
kji ff=d , and (2.6) simplifies to: 

 

( )nnnm
m kNLk

k
k

k
j

j JJTGTpp -=- . (2.7) 

If the n
jG , j=1,2,3 are taken to be massive (which we know how to achieve via spontaneous symmetry 

breaking for SU(2) as well as for SU(2)xU(1)), and if the m
m j

j pp  terms are taken to be on-shell, 

j
j

j
j mmpp =m
m  where jm  are the respective masses of n

jG , then we may rewrite (2.7) as: 
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( ) ( )nnnn
m

m

n
NL

j
j

on

shell
NL

j
j

JJ
mm

JJ
pp

G --=--=
11

, (2.8) 

contrast ( ) nn JqA 2/1-=  from QED.  This is an exact solution to (2.1), for the special case of SU(2).  

Mathematically, the ability to obtain the “ inverted” solution ( )j
j

NL mmJJG ,, nnn  of (2.8), arises from a 

special property of SU(2), with generators iiT s2
1= , such that, for any triplet vector of scalars, 

( )321 ,, mmmmi = , the inverse ( ) 1-

i
ims  of i

ims  is given by ( ) i
i

i
ii

i m
mm

m ss
11

=
-

, contrast (2.8).  

This means that the gauge bosons of SU(2) (when also crossed with U(1)) can be turned directly into the 
observed vector bosons mmm AZW ,,± .  This is not the case for larger groups: the observed boson (i.e., 
meson) masses must be extracted from a propagator matrix in the manner to be developed below. 
 Specifically, for larger groups SU(N), N>2, one must pay close attention to the matrix inverses in 

order to generalize (2.8).   To do this, writing (2.6) as ( )nnnm
m kNLk

k
k

m
j

l
mli

kji JJTGTppff -=- , we 

observe that the term m
j

l
mli

kji Tppff m
m  which multiplies n

kG  consists of a set of N2-1 matrices, each 

NxN, with the sole free index 13,2,1 2 -= Nk � .  Similarly, the generators kT  which multiply 

( )nn
kNLk JJ -  contain the same free index 13,2,1 2 -= Nk � .  Our goal is to end up with nn

k
kGTG =  

isolated on the left-hand side, just as in (2.8).  Thus, we will need to construct a single NxN matrix, 
designated M, with no free indexes, defined such that: 
 

km
j

l
mli

kji TTppffM º´ m
m . (2.9) 

By defining M in this way, we can multiply each side of (2.6) from the left by M- , and (2.6) becomes: 
 

( ) ( )nnnnnnnm
m NLkNLk

k
k

k
k

m
j

l
mli

kji JJMJJTMGGTGTppffM --=-´-==º´ , (2.10) 

which generalizes (2.8).  Therefore, we now need to obtain a more-direct expression for M. 
 It is helpful in this task to observe that for any Yang-Mills group SU(N), the generators are 
normalized to k

j
k

jTTtr d2
1)( = .  For SU(N), 12 -= Nk

kd  so ( ) 2/1)( 2
2
1 -== NTTtr k

k
k

k d .  The 

matrix k
kTT  is an NxN diagonal matrix, and each element on the diagonal is identical, i.e., k

kTT  is a 

constant times the NxN identity (unit) matrix NNI ´ .  Thus, this overall trace )( k
kTTtr  is divided equally 

among the N positions along the diagonal of k
kTT , so that: 

 

NNNN
k

k

k
k I

N
N

I
N

TTtr
TT ´´

-
==

2
1)( 2

. (2.11) 

For example, for SU(2), ( ) 4
32 2/1 =- NN ; for SU(3), ( ) 3

42 2/1 =- NN ; for SU(4), ( ) 8
152 2/1 =- NN , 

etc.  Given (2.11), we now return to (2.9), and multiply each side from the right by kT  to obtain the single 

matrix equation with no free indexes:   
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NNk
k

k
m

j
l

mli
kji I

N
N

TTTTppffM ´

-
==´

2
12

m
m . (2.12) 

Then, we define the inverse 1-M  of M such that NNIMM ´
- =´1 .  Multiplying each side of (2.12) from 

the left by 1-M , then reducing and rearranging, allows us to expressly write the inverse 1-M  of M, 
applying [ ]ij

k
kji TTiTf ,-=  to obtain the final term, as:  

 

[ ][ ] [ ][ ]i
i

j
l

il
ij

j
l

k
m

mli
kji TpTp

N
N

ppTTTT
N

N
ppTTff

N
N

M ,,
1

2
,,

1
2

1
2

222
1

m
mm

m
m

m
-

-=
-

-=
-

=- . (2.13) 

Because 1-M  is a square matrix with non-zero determinant, it is invertible.  Its inverse M is calculated 
following well-known mathematical methods for square matrix inversion.  For SU(N): 
 

( ) [ ][ ] ©
,,

1
2

1
©

1 2

1

11 M
TpTpN

N
M

M
MM

i
i

m
m

-
===

-

-- . (2.14) 

Above, 11 det -- = MM  represents the determinant of 1-M , and ©M  denotes an NN ´  hermitian 

matrix, wherein each of the NN ´  positions of ©M  contains the determinant ( ) ( )( )11 -´- NN  of an 

( ) ( )11 -´- NN  subset of 1-M , cyclically defined according to the mathematical rules for taking 
determinants and square matrix inverses.  For example, for SU(3), M can be expressly obtained, albeit 
laboriously, using equation (6) of [2], where ©M  is the 3x3 matrix of 2x2 determinants in (6) of [2].  With 
M so-obtained, the general solution to (2.1) for any Yang-Mills group SU(N), is: 
 

( ) [ ][ ] ( )nn

m
m

nnn
NL

i
iNL JJM

TpTpN
N

JJMG -
-

-=--= ©
,,

1
2

12

. (2.15) 

This is the generalization of (2.8) to any Yang-Mills group, it is an exact solution, and the laborious task 

for any given SU(N) is to explicitly calculate [ ][ ]i
i TpTp ,, m

m  hence 1-M , [ ][ ]i
i TpTp ,, m

m , and ©M  via 

(2.13). 
 To illustrate, let us consider SU(3).  Using (2.13), one may calculate 1-M  explicitly.  The result 
of this laborious calculation is: 
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[ ][ ] ( )

( )( )
( )( )

( )( )

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

( )( )
( )( )
( )( ) ��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

-++

-++

-++

+++

-++

+-

+++

+-+

-++

--

+-+

-++

-++

-++

+-+

+++

--+

--+

+-+

+-+

-++

+-+

+-+

++

=

�
�
�

�

�

�
�
�

�

�
º+---=-=-

mm

mm

mm

mmm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mmm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

m
m

m
m

m
m

m
m

m
m

21
21

54
54

76
76

3
83

183
3

8
8

76
54

21
83

1

76
21

54
383

1

54
76

21
83

1

21
21

54
54

76
76

3
83

183
3

8
8

54
21

76
383

1

21
76

38

3
1

54

21
54

38

3
1

76

21
21

54
54

76
76

3
3

8
8

32
1

4
3

4
31

15

15

6

159

9

18

9

9

9

18

15

6

15

159

9

9

9

9

9

9

6

15

15

618

,,

ippipp

ippipp

ippipp

pppppp

ippipp

ippp

ippipp

ipppp

ippipp

ippp

ippipp

ippipp

ippipp

pppppp

ippipp

ipppp

ippipp

ppipp

ippipp

ppipp

ippipp

ippipp

ippipp

pppp

ihg

fed

cba

pTpTTppTpTTpTpTpTpTpM

uu

uu

uu

uuu

uu

u

uu

uu

uu

u

uu

uu

uu

uuu

uu

uu

uu

uu

uu

uu

uu

uu

uu

uu

i
i

i
i

i
i

i
i

i
i

.(2.16) 

We also note that the trace of (2.16) is given simply by ( )m
m i

i ppMTr 8
91)( =- , and is not zero so long as 

0¹m
m i

i pp .  Thus, the trace of the inverse )(MTr  is similarly non-zero.  From (2.10), the Yang-Mills 

vector potential nG  is the directly related to the current term nn
NLJJ -  by: 

 

( )nnn
NLJJGM --=- 1 , (2.17) 

The inverse can then be calculated, albeit after even more labor, using the determinants: 
 

hg

ed
c

gi

df
b

ih

fe
aMM

M

ed

ba

gh

ab

hg

ed
df

ac

ig

ca

gi

df
fe

cb

hi

bc

ih

fe

M
M ++==

��
�
�
�
�
�
�

�

�

��
�
�
�
�
�
�

�

�

= -

--

1

11
;©

11
, (2.18) 

 We shall forego express calculation of M for the moment pending the development in section 3, 
though once M is calculated, the vector potential can be expressed in relation to the currents, exactly, by 

( )nnn
NLJJMG --= , equation (2.15).  Note that 1-M  has mass dimension of +2, e.g., consider 

( )m
m i

i ppMTr 8
91)( =- .  The multiplier 1/1 -M   in (2.18) has mass dimension -6, for SU(3).  But, each 

component of ©M , being a 2x2 determinant, has mass dimension +4, so M has an overall mass dimension 

of -2, as should be expected.  For SU(N), the term 1/1 -M  has mass dimension N2- , while the matrix 
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©M  has mass dimension ( )12 -+ N , retaining an overall mass dimension of -2 for M.  For the special 
case of SU(2), equation (2.8), matrix ©M  has zero mass dimension, and is also a multiple of the 2x2 unit 
matrix with no off-diagonal components.  This accounts for why SU(2) permits the QED-like 
simplification in (2.8).  All of this is the Yang-Mills generalization of ( ) nn JqA 2/1-=  from QED, and 

in the same way that ( )2/1 q-  may be thought of as a propagator term, the matrix M may be thought of as 
a propagator matrix. 
 Before closing this section, it is helpful as a foundation for the later discussion starting in section 
6 to note that the group factor ratio ( ) NN 2/12 -  in (2.15) has a physical counting interpretation as the 
ratio of the number of gauge bosons of SU(N), to the number of scalar (Goldstone) degrees of freedom 
provided by complex scalars in the fundamental representation of that group.  For example, for SU(2), 

( ) 4
32 2/1 =- NN  tells us that there are three gauge bosons ( )mmmm

321 ,, WWWWi = , and that if one 

employs the complex scalar doublet ��
�

�
��
�

�
+

+
=

43

21

2
1

ff
ff

f
i

i
, there are four scalars.  After symmetry breaking, 

these three bosons can be made massive, and one has a residual degree of freedom which is associated 
with the Higgs scalar field.  That is, ( ) 4

32 2/1 =- NN  tells us that there are three gauge bosons, as well 

as four Goldstone scalars to go around.  Electroweak theory crosses SU(2)xU(1) to yield a massless 
photon as well, with the residual scalar still rendering mass to the Higgs field.  For SU(3), 
( ) 6

8
3
42 2/1 ==- NN , which, if applied to QCD, is often referred to as the “color factor.”   In SU(3)QCD 

one has eight gluons, ( )mmmmmmmmm
87654321 ,,,,,,, GGGGGGGGGi = , and the scalars of SU(3) are 

( )6543212
1 fffffff iiiT +++= .  Thus, ( ) 6

82 2/1 =- NN  tells us that there are eight gauge 

bosons, but only six Goldstone scalars to go around.  Similarly, the group factor ( ) NN 2/12 -  can be 
seen in the same way for all other gauge groups SU(N). 
 It is also worth noting that the number of additional gauge bosons which one adds in going to the 

next-larger gauge group from SU(N-1) to SU(N) is ( ) ( )( ) 12111 22 -=---- NNN , and that the total 

number of Goldstone scalars available to generate gauge boson masses for SU(N) is N2 .  Thus, there are 
always enough Goldstone scalars for SU(N) to generate a mass for all of the additional 12 -N  gauge 

bosons of SU(N), but not enough to generate a mass for all of the 12 -N  bosons of SU(N).  Finally, if 
one were to use the N2  scalar bosons of SU(N) to gives mass to the 12 -N  new bosons arising in the 
“ rank up”  from SU(N-1) to SU(N), there will always be exactly one residual degree of freedom, which 
transmutes into the Higgs scalar associated with SU(N).  Thus, when one goes from SU(2) to SU(3), there 

arise 125 -= N  new bosons mmmmm
87654 ,,,, GGGGG , and there are six Goldstone scalars 

654321 ,,,,, ffffff . 

 
3.  Yang-Mills Boson Currents and the Complete Inverse Propagator Matr ix 

 Now, so far, we have considered [ ]n
m

mn GGigJNL ¶= , , defined in (2.2), as that portion of the 

overall current [ ]n
m

mnm
m

n GGigGJ ¶+¶¶= ,  (2.1) which is contributed from the non-linear term 2igG , 

which in turn is the hallmark of Yang-Mills theory.  [ ]n
m

mn GGigJNL ¶= ,  has no analog in Abelian 

gauge theory.  The overall current mJ  in (2.1) is what is conserved, 0=¶ m
mJ , and this is this same 

current which physically arises when one starts with a Lagrangian density ����  = ( ) fmif u -¶mg  for N 
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Dirac fermions f  in the fundamental representation of SU(N), requires ����  to be invariant under local 

unitary gauge transformations )()( )( xfexf xaT i
i

® , and thereby arrives at the gauge-invariant 
Lagrangian density: 
 

����  = ( ) ( ) mn
mnm

m
m gg i

ii
i

u FFGfTfgfmif 4
1---¶ , (3.1) 

with F given in (2.1).  More to the point, when derived from a Lagrangian subject to local gauge 
invariance,  
 

( )fTfJ ii
mm g=  (3.2) 

is a fermion current, and it is the exact same current as the nn
i

i JTJ =  given in (2.1). 

 But what is uniquely-distinguishing of Yang-Mills theory from a physical standpoint, is that the 
gauge bosons m

iG , in addition to the fermions f, also carry the group charge.  This is represented 

mathematically through the non-linear term 2igG , but when speaking about currents, one must consider 
currents of gauge bosons as well as currents of fermions.  Stated differently, if a current represents a flow 
of the charge of the gauge group SU(N), then to be complete, one must consider not only a current of 
charge-carrying fermions, but also a current of the charge-carrying gauge bosons.  If one takes a close 

look at (2.2), ( ) ( )[ ]mn
m

n
m

mn GGGGigJNL ¶-¶= , in contrast to (3.2), we realize that (3.2) represents 

that part of the group current originating from fermions, (2.2) represents that part of the group current 
originating from the gauge bosons, and that these two currents are related according to (2.3), 

nnnm
m NLJJG -=¶¶ .  Thus, we associate the mathematical n

NLJ , physically, with the part of the group 

current with is carried by the group gauge bosons. 

 Now, let us consider the gauge bosons m
iG , 13,2,1 2 -= Ni �  of a given Yang-Mills group 

SU(N), and for complete generality, let us associate with each, a corresponding rest mass im , which may 

be zero or non-zero in accordance with how the group symmetry is broken, i.e., in accordance with the 
scalar (Goldstone) degrees of freedom which a given boson may acquire.  Let us then form an NxN mass 

matrix i
i mTm º  and let us also form ( ) ( )j

j
i

i mTmTm
†2 º .  With this, we may write the Proca wave 

equation in covariant gauge 0=¶ n
nG , in the form of an NxN matrix equation, according to:  

 

( ) nnm
m

nm
m

n GmGGmJNL
22 +¶¶=+¶¶= . (3.3) 

Note, we specify the current as n
NLJ , consistent with the above understanding of n

NLJ  as the current for 

the gauge bosons as distinct from the fermion current (3.2).  Now, normally the term nm
m G¶¶  becomes 

nm
m Gpp-  from which on the obtains ( ) nm

m
n GmppJNL

2-=-  and then n
m

m

n
NLJ

mpp
G 2

1
-

-= .  

But, as we saw in section 4, we need to be very careful with how we take inverses as soon as we consider 
Yang-Mills gauge theory, and especially, as soon as we consider SU(N) for 2>N . 
 Therefore, let us combine (2.3), (3.3), and (2.17), to write: 
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nnnm
m

nnnnm
m GMGmGJJJG NL

12 --=-¶¶-=-=¶¶ , (3.4) 

where 1-M  is the inverse matrix specified, for example, by (2.16) for SU(3).  Now, from (3.4), and using 
(2.13), we can rearrange to isolate nJ , according to: 
 

( ) ( ) nnm
m

nnm
m

n GGppTTff
N

N
mGMmGmJ j

l
k

m
mli

kji 1
2

2122

1
2

222 -- Mº�
�

�
�
�

�
�
�
�

�
�
�

-
-=-=¶¶+= ,(3.5) 

where we have defined a new NxN matrix using the Greek upper-case mu, as: 
 

( )121 2 -- -ºM Mm . (3.6) 

That is, 1-M  is just the matrix ( )( )j
j

i
i mTmTm º2 , minus twice the 1-M  specified generally by (2.13), 

and specifically for SU(3), by (2.16).  Then, taking the inverse of each side for (3.5), this allows us to 
write: 
 

nn JG M= , (3.7) 

where one again, the matrix inverse is obtained in the manner discussed at the end of section 4, see (2.18) 
for SU(3), with 1-M  in place of 1-M  and  ©M  in place of ©M . 
 It is very important to observe that in (3.5), a factor of 2 has appeared multiplying the 
D’Alembertian operator m

m¶¶ .  We may trace the origin of the extra m
m¶¶  to the non-linear current term 

[ ]nm
m

n GGigJNL ,¶=  defined in (2.2), which in turn originated directly from the extra term 2igG  in the 

field-strength two-form 2igGdGF +=  which is the non-linear hallmark of a Yang-Mills theory.  Then, 

as soon as we associate n
NLJ  with the Proca term ( ) nm

m Gm2+¶¶  in (3.3), we find that there is an extra 

D’Alembertian in (3.4) with a sign that turns m
m¶¶  into m

m¶¶2 .  One may thus think of this factor of 2 as 

representing the essential non-linearity of Yang-Mill theories.   Of course, if we consider the term 
m

m¶¶+ 22m  in (3.5) and turn it into m
mppm 22 -  by setting m

m
m

m pp-=¶¶  in the customary manner 

(recognizing that Yang-Mills turns this into the more complicated matrix term involving m
m j

l pp  in 

(3.5)), then we see that (3.5) neatly resolves a typically-thorny problem in Quantum Field Theory 
involving mass shells and virtual particles and singular propagators.  In particular, when the left-most two 
terms in (3.5) are written as ( ) nm

m
n GmJ ¶¶+= 2  without the factor of 2 and one applies 

m
m

m
m pp-=¶¶ , one ends up with the expression ( )m

m
nn ppmJG -= 2/ .  Then, by then placing a 

particle on-shell, m
mppm =2 , this expression becomes formally infinite.  One must then go to great 

lengths to cure this formally-infinite propagator term.  On the other hand, if one starts with 
( ) nm

m
n GmJ ¶¶+= 22  in (3.5) including the factor of 2 which has its origin in the non-linear 

interactions of Yang-Mills theory, then after setting m
m

m
m pp-=¶¶  and going on-shell, m

mppm =2 , 

one ends up with  2/ mJG nn -= , which is formally finite for a particle of non-zero mass.  Contrasting 
2/ mJG nn -=  with nn JG M=  in (3.7), we see that in Yang-Mills theory, this matrix M  defined in 
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terms of its inverse in (3.6) embodies the term ( ) 22 /12/1 mppm -=- m
m , and so may be regarded as 

part of a Yang-Mills propagator term which is formally finite and thereby avoids the many difficulties of 
formally-infinite propagators and the associated problems of virtual, off-shell particles.  In a nutshell, the 
factor of 2 in (3.5) allows us to naturally obtain finite propagator expressions for real, observed, on-shell 
vector particles, and this benefit arises because of the essential non-linear nature of Yang-Mills theories. 
 Finally, let us turn to the Lagrangian (3.1) as rewrite this in a manner that utilizes the matrix M  
of (3.7), nn JG M= .  Here, we make use of the fact that for any Yang Mills group SU(N), the generators 

are normalized to )(2 j
i

j
i TTtr=d , see just before (2.11).  For the kinetic term, we may use this relation 

to write )()( 2
1

2
1

4
1

4
1

mn
mnmn

mn
mn

mn
mn

mn d FFtrFTTtrFFFFF ij
ij

ij
ij

i
i -=-=-=- , which is well 

known.  For the current term, ( ) m
m

m
mg i

i
i

i GgJGfTfg -=- , we may follow a similar procedure, 

including nn JG M= , to write a number of alternative expressions: 
 

( ) ( )
( ) ( ) ( )( ) ( ) m

mn
mn

m
m

m
m

m

m
m

m
m

m
m

m
m

m
m dg

j
ij

ij
j

i
i

j
j

i
i

j
j

i
i

j
j

i
i

i
i

i
i

JJTTgTrJTTgJgTrJTTJgTrJJgTr

GJgTrGTTtrgJGgJGgJGfTfg

M-=M-=M-=M-=

-=-=-=-=-

2222

2)(2
,(3.8) 

With this, the Lagrangian (3.1) becomes: 
 

����  = ( ) ( ) )(2 2
1

mn
mn

m
m

mg FFtrJJgTrfmif u -M--¶ . (3.9) 

The term ( )j
i TTTrg Mmn  in ( ) nm

mn
j

ij
i JJTTTrg M , may be thought of as a propagator term for the 

transition between the current 
njJ  and the current m

iJ .  Now, we turn to boson masses. 

 In QED, one uses ( ) ms
s

m JqqG /1-=  to write n

s
s

mnm
m

m J
qq

g
gJGgJ =- , and 

s
s

mn

qq

g
 is related 

to the photon propagator.  In electroweak theory, where the gauge bosons become massive, 
( ) n

s
s

nmmnm
m

m J
mpp

mppg
gJGgJ

2

2/

-

-
=- , which reduces to nmnm

m
m J

m

g
gJGgJ

2
-=-  for 2mpp <<s

s .  

The 2m  in the denominator is, of course, the square mass of the gauge boson, and it is responsible for the 

short range of weak interactions.  Comparing nmnm
m

m J
m

g
gJGgJ

2
-=-  with the expression  

( ) n

mn
m

m
m j

j
i

i
i

i JTTTrggJGgJ M-=- 2  in (3.8), one can then make the association: 

 

( )j
i TTTr

m
MÛ 2

1
2

. (3.10) 

We already know that M  has mass dimension of -2, see the discussion following (2.18).  The expression 
( )j

i TTTr M2  is an ( ) ( )11 22 -´- NN  matrix for any SU(N).  Thus, if we invert and rewrite (3.10) as: 

 

( ) ( )j
i

j
i TTTr

m
M

=
2

12 , (3.11) 
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then we can associate (3.11) directly with the square mass of the observed vector bosons of SU(N).  
Specifically, the sandwiching of M  between generators in j

i TT M  provides a way to “select”  any one of 

( ) ( )11 22 -´- NN  scalar square masses out of M .  Referring to ( ) n

mn
m j

j
i

i JTTTrggJ M- 2 , if the 

transition current is between, say, 
n1J  and m

5J , then ( ) ( )1
5

1
5

2

2
1

TTTr
m

M
=  will “project out”  the 

square mass of the vector boson which mediates the 
n1J  to m

5J  transition.  The diagonal elements, for 

which i = j, are then the square masses of the vector bosons which mediate 
njJ  to m

iJ , i = j transitions.  

Thus, in principle, the expression (3.11) is capable of generating a total of ( ) ( )11 22 -´- NN  non-zero 
vector boson rest masses for any gauge group SU(N), out of the matrix M .  It is also capable of thereby 
giving a short-range to various Yang-Mills interactions, including SU(3)QCD, as we shall now explore. 
 
4.  The QCD Inverse Propagator  
 Zee, in [3], Chapter IV.5, provides a very clean introduction to Yang-Mills gauge theory which 
we shall draw upon below.  Let j  constitute an N-component complex scalar field which transforms as 

)()()(©)( xxUxx jjj =® , where )(xU  is an NxN unitary matrix, locally-specified.   We then start 

with a Lagrangian density ����  = ( ) ( ) ( )jjjj m
m

†† V-¶¶ , and demand that this remain invariant under local 

transformations )()()(©)( xxUxx jjj =® .  We are then required, as is well-understood, to replace m¶  

with the covariant derivative )(xigGD mmm -¶= .  We will not take the space here to explore the well-

known progression by which one then finds that i
i aiTeU =  where ia  are the group phase angles and iT  

are the group generators we have used throughout, except to say that the resulting Lagrangian is given by 

����  = ( ) ( ) ( )jjjj m
m

†† VDD -  and that this includes a new gauge term 
22 jmGg , where ( ) ( )†2

= , 

and where mm
i

iGTG = .  We also note that jj † , hence ( )jj †V , is locally-invariant. 

 It is well known how to break the symmetry for SU(2) to arrive at a series of massive vector 
bosons, see, e.g., [4], section 14.9, as well as how to include the photon through SU(2)xU(1) breaking, 
see [4], section 15.3.  Let us now go straight to SU(3), following a similar approach, and see if there is 
some way to give rise to a mass for the mediators of SU(3), which in turn would make the strong 
interaction short range and provide a possible foundation for understanding the masses of the various 
vector and scalar mesons which are so prevalent experimentally. 
 For SU(3), we employ the complex scalar triplet: 
 

�
�
�

�

�

�
�
�

�

�

+

+

+

=

65

43

21

2
1

jj
jj
jj

j
i

i

i

, (4.1) 

mentioned at the end of section 4.  We then follow the usual procedures for finding the minima of 

( )jj †V , and set ( ) 2
2
12

6
2

5
2

4
2

3
2

2
2

12
1† v=+++++= jjjjjjjj , where v is an SU(3) vacuum 

expectation value (vev) with a scalar mass dimension of +1.  We then break this symmetry by setting 
064321 ===== jjjjj  and v=5j .  With all of the above, we may then write: 
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( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )21

2
12

1
2

2
2

22
122

32
1

2

4
2

42
1

2

5
2

52
1

2

6
2

62
1

2

7
2

72
1

2

8
2

82
1

2

4

2

5

2

6

2

7

2

83
222

8
1

2

54

76

83
2

22
8
1

2

383
1

2154

21383
1

76

547683
2

2
8
1

22

3

0

0

mmm

mmmmm

mmmmm

mm

mm

m

mmmmmm

mmmmmm

mmmmm

mj

GmGmGm

GmGmGmGmGm

GGGGGgv

iGG

iGG

G

gv

v

GGiGGiGG

iGGGGiGG

iGGiGGG

gGg

+++

++++=

++++=
��
�
�

�

�

��
�
�

�

�

+

+=

�
�
�

�

�

�
�
�

�

�

��
�
�

�

�

��
�
�

�

�

--++

-+-+

--

=

, (4.2) 

where, in the final line, we compare this to Lagrangian terms expected for the mass of a vector boson.  
We see that this choice of vacuum is invariant under the explicit SU(2) subgroup of SU(3), which leaves 

321 ,, mmm  massless, and overall, yields the following masses for all the bosons: 

 

0;; 3212
1

76542
1

3
2

8 ======== mmmvgmmmmvgm . (4.3) 

 Now, we return to the matrix ( )121 2 -- -ºM Mm  of (3.6).  To establish this matrix, and thereby 

the matrix M  which appears in the Lagrangian term ( )m
m JJgTr M- 2  and which we saw in (3.11) may 

be used to project out masses, let us use (4.3) to form the matrix ( ) ( )j
j

i
i mTmTm

†2 º  in 

( )121 2 -- -ºM Mm .  As an intermediate step, we use (4.3) to form: 
 

��
�
�

�

�

��
�
�

�

�

-+

-+

--

=
��
�
�

�

�

��
�
�

�

�

--++

-+-+

--

=

201

021

112

3
1

3
1

3
2

4
1

383
1

2154

21383
1

76

547683
2

2
1

i

i

ii

vg

mmimmimm

immmmimm

immimmm

mT j
j

m

. (4.4) 

Then, from (4.4), we obtain: 
 

( ) ( ) ( )
( ) ( )

( )
( ) ��

�
�

�

�

��
�
�

�

�

++

++

--+

==

9
2

3
2

9
2

3
2

3
2

3
2

9
8

2
16
1†2

221

221

114

i

i

ii

vgmTmTm j
j

i
i . (4.5) 

 Then, we return to (2.16), and use (4.5) above to calculate the complete inverse matrix: 
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( )

( )( )
( )( )

( )( )

( )( )
( )( )
( )( )

( )( )
( )( )
( )( )

( )( )
( )( )
( )( )

( )

( )( )
( )( )
( )( )

( )
( )( )

( )( )

( )( )
( )( )
( )( )

( )
( )( )

( )( )

( )

( )( )
( )( )
( )( ) �

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

-+-

-+-

-+-

---

-+-

++

++-

+--

+

-+-

-+

+--

-+-

-+-

+--

+--

++-

+

---

---

-

+--

+--

-

-+-

+--

+--

--

=

=-=M --

mm

mm

mm

mmm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mmm

mm

mm

mm

mm

mm

mm

mm

mm

mm

mm

21
21

54
54

76
76

3
83

183
3

8
8

2
9
20

76
54

21
83

1

2

76
21

54
383

1

2
3
2

54
76

21
83

1

2

21
21

54
54

76
76

3
83

183
3

8
8

2
9
20

54
21

76
383

1

2
3
2

21
76

38

3
1

54

2
3
2

21
54

38

3
1

76

2
3
2

21
21

54
54

76
76

3
3

8
8

2
9
44

16
1

121

15

15

6

159

9

18

2

9

9

1

9

18

2

15

6

15

159

9

9

1

9

9

1

9

9

1

6

15

15

618

2

ippipp

ippipp

ippipp

pppppp

vg

ippipp

ippp

vg

ippipp

ipppp

vgi

ippipp

ippp

vg

ippipp

ippipp

ippipp

pppppp

vg

ippipp

ipppp

vgi

ippipp

ppipp

vgi

ippipp

ppipp

vgi

ippipp

ippipp

ippipp

pppp

vg

Mm

uu

uu

uu

uuu

uu

u

uu

uu

uu

u

uu

uu

uu

uuu

uu

uu

uu

uu

uu

uu

uu

uu

uu

uu

.(4.6) 

From here, we (laboriously) calculate the inverse ( ) 11 --M=M  using the form of equation (2.18), and 

then, we may use (3.11), ( ) ( )j
i

j
i TTTr

m
M

=
2

12 , to project out 64 mass values for 64 distinct vector 

bosons (though it is to be expected that some vector bosons will have the same masses, i.e., that we will 
obtain less than 64 mass values in total).  Additionally, the imaginary terms in the above yield imaginary 
mass terms, which one can interpret as a particle width / half-life.  The vev v is an unknown, and the 

running charge g can be taken as the running strong charge ssgg ap4==  for sensible values of the 

strong coupling sa .  What should emerge from this procedure will be 64 values ( ) j
im2 , all specified in 

reference to the mass scale vg , some duplicated.  The ratios should then  be compared to the 
experimental values of the known vector mesons.  If the procedures set forth here accord to physical 
reality, then it should become possible to fix a definitive value for vg , and the masses projected out from 

( ) ( )j
i

j
i TTTr

m
M

=
2

12  should thereafter accord with the known spectrum of vector meson masses. 

 
5.  Explicit Calculation of the Matr ix Inverse 
 
 Now, it is time to explicitly calculate the inverse of (4.6).  First, taking each of the gauge bosons 
with masses given  in (4.3) to be on mass shell, 22 mp = , we can thereby use the mass relationships (4.3) 
to deduce the following square momentum relationships: 
 

mmmmmmmmm
iuiuiuiuiuiuiuiuiu pppppppppppppppppp 123456773

2
8 ;; ====== . (5.1) 
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Then, using (5.1) and taking advantage of the fact that that every term in (4.6) is a square momentum 

m
m j

i pp , we can replace all occurrences of uuu ppp 456 ,,  in (4.6) with up7 , all occurrences of uu pp 12 ,  

with up3 , and all occurrences of up8  with up73
2 .  With these substitutions, all of the square momentum 

terms remaining in (4.6) are either m
7

7 pp u , m
3

3 pp u , or m
7

3 pp u .  As a result, one can greatly consolidate 

and reduce (4.6). 

 Now, we will eventually want to substitute  ( )2
4
17

7 vgpp u =m  and 03
3 =mpp u , but the term 

m
7

3 pp u  presents a hurdle because it is the vector product of a massive momentum with a massless 

momentum.  We will want to re-express m
7

3 pp u  as a direct function of the known products 

( )2
4
17

7 vgpp u =m  and 03
3 =mpp u .  Here, we add and then square m

7p  plus m
3p , thereby defining a 

Mandelstam-type variable: 
 

( )( ) uuuuu pppppppppps 3
7

3
3

7
7

37
37 2 mmmmm ++=++º  (5.2) 

which we then use to make the substitution: 
 

( )uuu ppppspp 3
3

7
7

2
1

3
7

mmm --= , (5.3) 

followed by further reduction.  It is tedious, but straightforward to confirm, that the foregoing 
substitutions make it possible to reduce (4.6) to the following: 
 

( )

( )( )
( ) ( )[ ]
( )
( )

( )( )
( ) ( )[ ]
( )
( )

( )( )
( ) ( )[ ]
( )
( )

( )
( )
( )

( )
( )[ ]

( )
( )

( )( )
( ) ( )[ ]
( )
( )

( )
( )[ ]
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( )

( )
( )
( )

�
�
�
�
�
�
�
�
�
�
�
�
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�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�

�

-

--

--

++

+-

-+-

-+

--

--+-

+

-+

--

++-

+

+-

+-

+-

++

-+-+

+

++

+-

-++-

-

--

-+

---+

-

--

=M -

s

pp

pp

vg

si

ppi

ppi

vg

si

ppi

ppi

vgi

si

ppi

ppi

vg

s

pp

pp

vg

si

ppi

ppi

vgi

si

ppi

ppi

vgi

si

ppi

ppi

vgi

ppppvg

u

u

u

u

u

u

u

u

u

u

u

u

u

u

u

uuu

23

2153

2163

123

123

2263

2

1

1

223

12

123

123

2263

2

23

2153

2163

3

3

223

12

1

1

223

12

3

3

223

12

1872

3
3

7
7

2
9
20

3
3

7
7

2

2
9

3
3

2
9

7
72

3
2
3

2
3
1

3
3

7
7

2

3
3

7
7

2
9
20

2
9

3
3

2
9

7
72

3
2
9

2
3
1

2
9

3
3

2
9

7
72

3
2
3

2
3
1

2
9

3
3

2
9

7
72

3
2
9

2
3
1

3
3

7
7

2
9
44

16
11

m

m

m

m

m

m

m

m

m

m

m

m

m

m

m

mmm

.(5.4) 

 Now, again using (4.3), we place these square momenta on mass shell by setting 
 

( ) 0; 3
3

2
4
17

7 == mm ppvgpp uu . (5.5) 
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We also relate s to the square mass scale ( )2
4
1 vg , by defining the dimensionless parameter  S such that: 

 

( )2
4
1 vgSsº . (5.6) 

Now, factoring out an overall square mass ( )2vg , (5.4) further reduces to:  
 

( )

( )
( ) ( )( )
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( ) ( )( ) ( ) ( ) ( )
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88
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9
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2
16
11 .(5.7) 

 Applying (2.8) and (5.7), we next calculate the “ inverse-inverse”  matrix M  times 1-M : 
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Then, using (5.8) and (2.18), we obtain the determinant: 
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WORK IN PROGRESS TO BE CONTINUED – EXPLICITLY CALCULATING INVERSE 
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