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1. Introduction

Y ang-Mills (non-Abelian) gauge theories are distinguished from Abelian gauge theories by virtue
of the extraterm igG? in the field-strength two-form F = dG +igG?, where G is a gauge potential one-
form for the Yang-Mills gauge fields and g is the group charge strength. Therefore, with dd =0 for any
two successive exterior derivatives, the magnetic source three-form P =dF =d (dG + ing) =igdG? is
non-vanishing and the electric source three-form * J =d* F = d(* dG +ig* GZ) using the Hodge dual
* acquires an additional term igd * G?, in contrast to the QED sources P=dF =ddA=0 and

*J=d*F =d*dA of Maxwell's equations where A represents the photon (classical potential) one-
form.

We obtain an exact analytical solution for the gauge potential G in terms of the currents J, for any
Yang-Mills group SU(N). We then apply this to SU(3), and demonstrate a possible origin for the mass
and width spectra of the vector bosons of QCD.

2. Electric Sourcesin Yang-Mills Gauge Theory, and the Need for a Propagator Matrix for Groups
Larger then SU(2)

We start by examining the Yang-Mills eectric current *J =d* F = d(* dG +ig* Gz). We
examine this in general, for any simple gauge group SU(N). We note that this is a conserved current,
d*J=dd*F =0 onaccount of dd =0.

In QED, the electric source * J =d* F =d* dA does not contain a non-linear igd * A® term.
Writtenas J” =9, F™ =9, 17A" - 1,9"A”, one applies the gauge condition 1, A” =0 to reduce to
the familiar wave equation J” =9 §”A". To solve for A, we set A’ = e’ where € is a
polarization vector and q° is the momentum vector of the (massless, g°g, =0 on shell) photon A”,
from which one readily obtains J” =- ¢,q”A” © - g°A". Then, we obtain the function A(J) rather
than J(A). Because §° isascalar, one may simply divide through by g° to write A” = - (l/qZ)J”.

In Yang-Mills theory, obtaining an exact solution A(J) is more complicated, first, because of
the extra term igd*G? in *J=d*F =d*dG+igd*G?, and second, because G”° T'G”,
F™OT'F™ and J”° T'J,” are NxN matrices and so the analog to the ¢ scalar is itself also an NxN
matrix. This means that the g° analog cannot simply be placed in the denominator in the manner of
A =- (1/ qZ)J” : rather, one needs to carefully identify the inverse of the g* analog.

Specifically, we write *J =d*F =d*dG +igd* G in gauge 1,G” =0, where charge
conservation is expressed by ,J” =0, in the expanded form:

37 =9,F" =9,97G" - 1,9'G"+igN,|c".G"|=1,9"G" +ig|c".1,5"|. 2.1)

Next, we separately define an antisymmetric field strength tensor F, " © ig[G”’,G”] from the non-
linear term iglG’",G”J in (2.1), hence F” =1"G" +F_ ™. From this, applying 1,G”=0, we
define anon-linear current contribution, to be explored in more detail in section 5:



370 1, F " =igl, 66" =igle". 1,67 =igle"(1,67)- (1,67)67]. 22)
This enables us to rewrite (2.1) more succinctly as:
J' =1 96" +3,,ie, 1 97G"=3"-73,". (2.3)

Xs

Now, we specify G” =¢&’e’ ™
mind that G” =T'G,” is an NxN matrix, and therefore, that €”=T'e” and p° =T'p,° are also NxN

where p° is the momentum vector of the G”, but we must keep in

matrices. Thus, for SU(N), el’" and pis , represent the polarization and momentum vectors for the
corresponding G”, all with i =1,2,3 N?- 1, and we use p° rather than g° to denote the possibility
that at least some of the G” may become massive by gaining a longitudina degree of polarization.
Written out fully, G” =T'G” =€’ ®* =T'e"e™P™ . Wenow calculate 117G in (2.3).

To properly calculate spacetime derivatives for the NxN matrix G” , we employ an antisymmetric
combination of p” and G” using the quantum mechanical operator equation (see, for example, [1], just
after equation (2.164)):

176" =i|p”,G"|. (2.4)
Applying the above to (2.3), expanding all commutators, and then re-consolidating, yields:
196" =-[p,[p"6" =37 3" (2.5)

where we have set the other consolidated term i[‘ﬂmp’",G”J=O on account of local conservation
1,,p” =0 of the momentum four-vector p”. Theterm - [pm,lp’", G”JJ isan NxN matrix for SU(N), so
we may rewrite (2.5), using [pm,[p”’,G”]]:[T,[Tj,Tk]]p'mpj"’Gk" and the structure relationship
it T = |7, 7Y, s

197G =- [T [T, T]|p b, "G =- 151, p'wp, "T"G,” =37 - 3" =TH(0,7- 3.,"). (26)

For the special case of SU(2), where f¥' =% is the antisymmetric Levi-Civita tensor with

e =1,wecanset @"'mi = ¥ f , , and (2.6) smplifiesto:
- pap TG =T, 3. @7)

If the G j” , j=1,2,3 are taken to be massive (which we know how to achieve via spontaneous symmetry
breaking for SU(2) as well as for SU(2)xU(1)), and if the pjmpjm terms are taken to be on-shell,

pjmpjm= m"mj where m, are the respective masses of Gj’7 , then we may rewrite (2.7) as.



G =- pjjpjm(Jn - 3,7)=- m]LmJ(J -3.2) 28)

contrast A’ = - (1/q2)J” from QED. Thisis an exact solution to (2.1), for the specia case of SU(2).
Mathematically, the ability to obtain the “inverted” solution G” (J”,JNL”,mjmj) of (2.8), arises from a

special property of SU(2), with generators T =%si, such that, for any triplet vector of scalars,
-1 -1

m =(m,,m,,m,), the inverse (sim) of s'm is given by (sim) =ﬁsim, contrast (2.8).

This means that the gauge bosons of SU(2) (when also crossed with U(1)) can be turned directly into the

observed vector bosons W*”,Z"” A”. This is not the case for larger groups: the observed boson (i.e.,
meson) masses must be extracted from a propagator matrix in the manner to be developed below.
Specificaly, for larger groups SU(N), N>2, one must pay close attention to the matrix inversesin

order to generalize (2.8). To do this, writing (2.6) as - ¥, p'mp,"T"G,” :Tk(‘Jk'7 - JNLk”), we
observe that the term ' f_, p'»p,”T™ which multiplies G,” consists of a set of N*1 matrices, each
NxN, with the sole free index k=12,3 NZ?-1. Similarly, the generators T* which multiply

(Jk" - JNLk") contain the same freeindex k =1,2,3 N?- 1. Our goa isto end up with G” =T*G,”

isolated on the left-hand side, just as in (2.8). Thus, we will need to construct a single NxN matrix,
designated M, with no free indexes, defined such that:

M f9f L plmp,Tm O TE. (2.9)

mli

By defining M in this way, we can multiply each side of (2.6) from the left by - M , and (2.6) becomes:

(R S

p'ap,T"G" 0 THG, =G" =-M " T*(3,” - 3,,")=-M {07 - 3."), (2.10)

which generalizes (2.8). Therefore, we now need to obtain a more-direct expression for M.
It is helpful in this task to observe that for any Yang-Mills group SU(N), the generators are

normalized to tr(T'T,) =1a. For SUNN), d"x =N?- 1 so tr(T*T,) =3c" =(N?- 1)/2. The
matrix T*T, is an NxN diagonal matrix, and each element on the diagonal is identical, i.e, T*T, isa
constant times the NxN identity (unit) matrix | ., . Thus, thisoveral trace tr (T"Tk) is divided equally
among the N positions along the diagonal of T"Tk, so that:

_tr(T*T) _N?-1
_TIN'N 2N IN'N'

T*T, (2.11)
For example, for SU(2), (N2 - l)/2N =3 for SU(3), (N2 - 1)/2N =4, for SU(4), (N2 - l)/2N =5
etc. Given (2.11), we now return to (2.9), and multiply each side from theright by T, to obtain thesingle
matrix equation with no free indexes:



- g ki I mr — Tk _N2'1
M™ 9P R, T T, =T TK—WIN,N. (2.12)

Then, we definetheinverse M ™ of M suchthat M ™" M =1 . Multiplying each side of (2.12) from

the left by M, then reducing and rearranging, allows us to expressly write the inverse M ™" of M,
applying f9T, =- i[Tj,TiJ to obtain the final term, as:

2N
N%-1

2N
N%-1

[Tj'Ti][Tu T 10 wp," =- 2—N[p”’,Ti][pm,Ti].(2.13)

M=
NZ- 1

PO T kplmpjm:_

Because M tisa square matrix with non-zero determinant, it is invertible. Its inverse M is calculated
following well-known mathematical methods for square matrix inversion. For SU(N):

1 NZ-1 1
M 2N [pn T, T

M© (2.14)

Above, ‘M'l‘:detM'1 represents the determinant of M ™", and M( denotes an N~ N hermitian
matrix, wherein each of the N” N positions of M ( contains the determinant |((N -1)" (N- 1))| of an

(N - 1)' (N - 1) subset of M™%, cyclicaly defined according to the mathematical rules for taking

determinants and square matrix inverses. For example, for SU(3), M can be expressly obtained, abeit
laboriously, using equation (6) of [2], where M ( isthe 3x3 matrix of 2x2 determinantsin (6) of [2]. With
M so-obtained, the genera solution to (2.1) for any Yang-Mills group SU(N), is:

n_ _ n_ n:_Nz'l_ 1 n_ n
G'=-M (J Ja ) N Hpm,TiJ[pm,Ti] M@ N ) (2.15)
Thisis the generalization of (2.8) to any Yang-Mills group, it is an exact solution, and the laborious task
for any given SU(N) is to explicitly calculate [p”’,Ti][pm,Ti] hence M %, ‘[pm,Ti][pm,Ti]‘ ,and M( via
(2.13).

To illustrate, let us consider SU(3). Using (2.13), one may calculate M " explicitly. The result
of thislaborious calculation is:



-+ 0O

Mt =-2[p" T [p,T]=- (o™ 0, - P T'Tp,- T'p"p, T +T'p"Tip,)°

Q9 o
> d® T

+18p," p’m+ 6P, P°m
+15(p5” - ip7”)(p6m+ ipn)
+15(p4” - ips” )(p“m+ ip°s)
+6{p," +ip," ot~ ip%)

+o[p,’- ipy )(% pon- pn)
+ 9(p6“ - ip7”)(plm- ip’s)

+9(p,’ - ip; 5 P+ o)
+ 9(p4u - ipsu )(pl'”"' ipz”’)

+9p, P’ 15p;" PPm- 1 py" PP

* 9(% "+ py P+ ') +18(p,* +ip,"\ptn- i) ; 18(% p.Npto- ip)

8l

+9(p - i, \p*o+ip®s)

+ 9(% B~ b o+ ip%)

+9(p +ip, \pn+ip'n)

+6{p." +ip,"p'n- ip%)

+15(p," - ip," o +ib%)
18, p oo+ i)
+9(p," +ips"\p*n- ipn)

+9(p,’ +ip,"\p'- ip*n)

+9p,"pm+15p," PP+ 32 0" P
+6(p" +ip," o~ ip7n)

+15(p4” + ips”)(p“m- ipsm) (2.16)

+ :I-S(plUI + ipzu)(plm' ipz’”)

We also note that the trace of (2.16) is given simply by Tr(M %) = %(pi '"pi m), and is not zero so long as
P, "0'm1 0. Thus, the trace of the inverse Tr(M) is similarly non-zero. From (2.10), the Yang-Mills
vector potential G” isthe directly related to the current term J” - J,,” by:

MG =-(37- 3,"). (2.17)

The inverse can then be calculated, albeit after even more labor, using the determinants:

e fl |c b |b c
h |‘ i h le f
M = 1_1 f d‘ 2 C ¢ a :i_lvl© ‘M'l‘za‘e f+bT d#d j (2.18)
‘M ‘ i g |g i| |f d ‘M 1‘ h i i g |g h
d b a
b d

We shall forego express calculation of M for the moment pending the development in section 3,
though once M is calculated, the vector potential can be expressed in relation to the currents, exactly, by

G =- M(J” - JNL"), equation (2.15). Note tha M has mass dimension of +2, e.g., consider
Tr(M™) =%(pi mpim). The multiplier 1/‘M '1‘ in (2.18) has mass dimension -6, for SU(3). But, each
component of M (, being a 2x2 determinant, has mass dimension +4, so M has an overall mass dimension
of -2, as should be expected. For SU(N), the term 1/‘M '1‘ has mass dimension - 2N , while the matrix



M ( has mass dimension + 2(N - 1), retaining an overall mass dimension of -2 for M. For the specia

case of SU(2), equation (2.8), matrix M ( has zero mass dimension, and is also a multiple of the 2x2 unit
matrix with no off-diagonal components. This accounts for why SU(2) permits the QED-like

simplification in (2.8). All of this s the Yang-Mills generalization of A" =- (1/¢?)J” from QED, and
in the same way that - (1/ qz) may be thought of as a propagator term, the matrix M may be thought of as

apropagator matrix.
Before closing this section, it is helpful as a foundation for the later discussion starting in section

6 to note that the group factor ratio (N2 - 1)/ 2N in (2.15) has a physical counting interpretation as the

ratio of the number of gauge bosons of SU(N), to the number of scalar (Goldstone) degrees of freedom
provided by complex scalars in the fundamental representation of that group. For example, for SU(2),

(N2 - 1)/ 2N =2 tells us that there are three gauge bosons W,” = (\Nl’",WZ’",WSm), and that if one

4
f,+if,
employs the complex scalar doublet f =% .
fy+if,

these three bosons can be made massive, and one has a residual degree of freedom which is associated
with the Higgs scalar field. That is, (N 2. 1)/2N =3 tells us that there are three gauge bosons, as well

as four Goldstone scalars to go around. Electroweak theory crosses SU(2)xU(1) to yield a massless
photon as well, with the residual scalar still rendering mass to the Higgs fied. For SU(3),

(N2 - l)/2N =2 =2 which, if applied to QCD, is often referred to as the “color factor.” In SU(3)qcp

one has eight gluons, G” = (Glm,sz,Gsm,G4m,Gsm,G6m, G7’",GS’"), and the scalars of SU(3) are
T =%(fl+if2 f,+if, fo+ify). Thus (N2 - 1)/2N =8 tells us that there are eight gauge

, there are four scalars. After symmetry breaking,

bosons, but only six Goldstone scalars to go around. Similarly, the group factor (N2 - 1)/ 2N can be

seen in the same way for all other gauge groups SU(N).
It is also worth noting that the number of additional gauge bosons which one adds in going to the

next-larger gauge group from SU(N-1) to SU(N) is (N2 - 1)- ((N - 1)2 - 1)= 2N - 1, and that the total
number of Goldstone scalars available to generate gauge boson masses for SU(N) is 2N . Thus, there are
always enough Goldstone scalars for SU(N) to generate a mass for al of the additional 2N - 1 gauge

bosons of SU(N), but not enough to generate a mass for all of the N? - 1 bosons of SU(N). Finaly, if
one were to use the 2N scalar bosons of SU(N) to gives mass to the 2N - 1 new bosons arising in the
“rank up” from SU(N-1) to SU(N), there will always be exactly one residual degree of freedom, which
transmutes into the Higgs scalar associated with SU(N). Thus, when one goes from SU(2) to SU(3), there

arise 5=2N-1 new bosons G,”,G.”.G,”,G,”,G,”, and there are six Goldstone scalars
fi,f5. 05, F,Ffs.

3. Yang-MillsBoson Currentsand the Complete I nver se Propagator Matrix
Now, so far, we have considered J,,” = ig[G”’,‘ﬂmG”], defined in (2.2), as that portion of the

overal current J7 =9 1"G” +ig[G ’",‘IT,,,G”J (2.1) which is contributed from the non-linear term igG?,
which in turn is the hallmark of Yang-Mills theory. J,,” :ig[G”’,‘H,,,G”] has no analog in Abelian
gauge theory. The overal current J” in (2.1) is what is conserved, 1,J” =0, and this is this same

current which physically arises when one starts with a Lagrangian density = ?(ig“‘ﬂm- m)f for N



Dirac fermions f in the fundamental representation of SU(N), requires to be invariant under loca

unitary gauge transformations f(X)® eTiE“X)f(x), and thereby arrives at the gauge-invariant
Lagrangian density:

= ?(ig“‘ﬂm- m)f - g(?g”’rif)G‘m- 1F mF™, (3.1)

with F given in (2.1). More to the point, when derived from a Lagrangian subject to local gauge
invariance,

37=(fgm £) (32)

isafermion current, and it is the exact same current asthe J” =TiJi’7 givenin (2.1).
But what is uniquely-distinguishing of Yang-Mills theory from a physical standpoint, is that the
gauge bosons G', in addition to the fermions f, also carry the group charge. This is represented

mathematically through the non-linear term igG?, but when speaking about currents, one must consider

currents of gauge bosons as well as currents of fermions. Stated differently, if a current represents a flow
of the charge of the gauge group SU(N), then to be complete, one must consider not only a current of
charge-carrying fermions, but also a current of the charge-carrying gauge bosons. If one takes a close

look at (2.2), J,.” = ig[G’"(‘H mG”)- (‘H mG”)G”’], in contrast to (3.2), we redize that (3.2) represents

that part of the group current originating from fermions, (2.2) represents that part of the group current
originating from the gauge bosons, and that these two currents are related according to (2.3),

1,9G" =3"- 3, . Thus, we associate the mathematical J, ", physically, with the part of the group
current with is carried by the group gauge bosons.

Now, let us consider the gauge bosons G,”, i =123 N?- 1 of a given Yang-Mills group
SU(N), and for complete generality, |et us associate with each, a corresponding rest mass m , which may

be zero or non-zero in accordance with how the group symmetry is broken, i.e., in accordance with the
scalar (Goldstone) degrees of freedom which a given boson may acquire. Let usthen form an NxN mass

matrix m® T.m'" and let us also form m?© (Tim)T(ijj). With this, we may write the Proca wave

equation in covariant gauge 1,,G” =0, in the form of an NxN matrix equation, according to:
3 =197+ mE)e" = 9,976 + mFG" (3.3)

Note, we specify the current as J,,”, consistent with the above understanding of J,,” as the current for
the gauge bosons as distinct from the fermion current (3.2). Now, normally the term 9, 1"G"” becomes

- p,,p"G” from which on the obtains - J,,” = (pmp’"- mz)G” and then G” = - %JNL”.
PP -
But, as we saw in section 4, we need to be very careful with how we take inverses as soon as we consider
Y ang-Mills gauge theory, and especially, as soon as we consider SU(N) for N > 2.
Therefore, let us combine (2.3), (3.3), and (2.17), to write:



196" =3"-3,"=3"- 196" - mG" =-M"'G”, (3.9)

where M ! is the inverse matrix specified, for example, by (2.16) for SU(3). Now, from (3.4), and using
(2.13), we can rearrange to isolate J” , according to:

2N

37 =(m 21,9767 =(m?- 2M )" = - 2 e [ T TP, GO MG (35

where we have defined a new NxN matrix using the Greek upper-case mu, as:
Mto (m?- 2Mm ). (36)

That is, M ™! isjust the matrix m? © (Tim)(ijj), minus twice the M ~* specified generally by (2.13),

and specifically for SU(3), by (2.16). Then, taking the inverse of each side for (3.5), this allows us to
write:

Gﬂ =M Jﬂ, (3.7)

where one again, the matrix inverse is obtained in the manner discussed at the end of section 4, see (2.18)

for SU(3), with M ™! inplaceof M ™* and M( in placeof M¢.
It is very important to observe that in (3.5), a factor of 2 has appeared multiplying the

D’ Alembertian operator T,1”. We may trace the origin of the extra Y 1" to the non-linear current term
J = ig‘ﬂm[G’”,G”] defined in (2.2), which in turn originated directly from the extra term igG” in the
field-strength two-form F = dG +igG? which is the non-linear hallmark of a Yang-Mills theory. Then,
as soon as we associate J,,” with the Proca term (‘Hm‘ﬂ’"+ mZ)G” in (3.3), we find that there is an extra

D’ Alembertian in (3.4) with asign that turns 1,9 into 29,9”. One may thus think of this factor of 2 as
representing the essential non-linearity of Yang-Mill theories. Of course, if we consider the term
m® +27, 97 in (3.5) and turn it into m* - 2p, p” by setting 1,97 =- p,p” in the customary manner
(recognizing that Yang-Mills turns this into the more complicated matrix term involving pI mpj’77 in

(3.5)), then we see that (3.5) neatly resolves a typically-thorny problem in Quantum Field Theory
involving mass shells and virtual particles and singular propagators. In particular, when the left-most two

terms in (3.5) are written as J” = (m2 +9,97)G" without the factor of 2 and one applies
1.97=-p,p", one ends up with the expression G" = J” /(m2 - pmp’"). Then, by then placing a
particle on-shell, m* = p,,P”, this expression becomes formally infinite. One must then go to great

lengths to cure this formally-infinite propagator term. On the other hand, if one darts with
J’ :(m2 +2ﬂmﬂ’”)G” in (3.5) including the factor of 2 which has its origin in the non-linear

interactions of Yang-Mills theory, then after setting 9”7 =- p,p” and going on-shell, m* = p,p”,

one ends up with G” =- J” /m?, which is formally finite for a particle of non-zero mass. Contrasting
G” =-J1"/m? with G” =M J” in (3.7), we see that in Yang-Mills theory, this matrix M defined in



terms of its inverse in (3.6) embodies the term 1/ (m2 - 2pmp’")= -1/m?, and so may be regarded as

part of a'Yang-Mills propagator term which is formally finite and thereby avoids the many difficulties of
formally-infinite propagators and the associated problems of virtual, off-shell particles. In a nutshell, the
factor of 2 in (3.5) allows us to naturally obtain finite propagator expressions for real, observed, on-shell
vector particles, and this benefit arises because of the essential non-linear nature of Y ang-Mills theories.
Finaly, let usturn to the Lagrangian (3.1) as rewrite thisin a manner that utilizes the matrix M

of (3.7), G" =M J”. Here, we make use of the fact that for any Y ang Mills group SU(N), the generators
are normalized to o' j = 2tr (TiTj) , See just before (2.11). For the kinetic term, we may use this relation

to wiite - +F'mF" =- 1F ! md iR" =- 1F ! mtr(T'T,)R™ =- Lttr(F™F,,), which is well

known. For the current term, - g(?g”’]'i f )Gim=- gJi'"Gim, we may follow a similar procedure,

including G” =M J”, to write a number of alternative expressions:

- o(fom )6 m=- 93,"G' n=- g3,"d" |G =~ g3,"2tr (T'T,)G' m=-2gTr (317G,

= -2gTr(3M3,)= - 2gTr(3,"T'MT,37,)=- 24T 3, (g, T'MT, ) ") - 2gTefrimT, )7 9

With this, the Lagrangian (3.1) becomes:

= Tlig",- m)f - 2gTr(3™J,)- Ltr(F™F, ). (39)

The term g,mTr(TiMTj) in g,mTr(TiMTj )Ji'"J I” 'may be thought of as a propagator term for the

transition between the current J'” and the current J.”. Now, we turn to boson masses.
—%”” J7, and %”"
q°qs g g
to the photon propagator. In electroweak theory, where the gauge bosons become massive,

- /m2
(gnns PmP, . )‘]n,WhiCh reduces to - anGm:_ngg_nZ
p ps -m m
The m? in the denominator is, of course, the square mass of the gauge boson, and it is responsible for the
9o

m2

In QED, one uses G,, = - (1/q5q5 )Jm to write - gJ"G,,=gJ"” isrelated

-9J"G,=g3" J” for p°p, <<n?’.

short range of weak interactions. Comparing - gJ"G,,=- gJ”"—-J" with the expression
- 9,"G'm=- ZgJimg,mTr(TiMTj )J " in (3.8), one can then make the association:

1

m2

0 2mr(T'mT,). (3.10)

We already know that M has mass dimension of -2, see the discussion following (2.18). The expression
2Tr(TiMTj) isan (N2 - 1)' (N2 - 1) matrix for any SU(N). Thus, if weinvert and rewrite (3.10) as:

P 1
(mz)i] —W, (311)

10



then we can associate (3.11) directly with the square mass of the observed vector bosons of SU(N).
Specifically, the sandwiching of M between generatorsin TiMTj provides away to “select” any one of

(N2 - 1)' (N2 - 1) scalar square masses out of M . Referring to - 29‘Ji'"g,mTr(TiMTj )J I” i the

transition current is between, say, J* and J.”, then (m2)5l = o T{’MT will “project out” the
1

square mass of the vector boson which mediates the J¥ to J5m trangtion. The diagonal elements, for

which i = j, are then the square masses of the vector bosons which mediate J ” to Ji’", i =] transitions.

Thus, in principle, the expression (3.11) is capable of generating a total of (N2 - 1)' (N2 - 1) non-zero
vector boson rest masses for any gauge group SU(N), out of the matrix M . It is also capable of thereby
giving a short-range to various Y ang-Millsinteractions, including SU(3)qcp, as we shall now explore.

4. The QCD Inver se Propagator
Zee, in [3], Chapter IV.5, provides a very clean introduction to Yang-Mills gauge theory which
we shall draw upon below. Let / constitute an N-component complex scalar field which transforms as

J (X)® j @x) =U(X)/ (X), where U(X) is an NxN unitary matrix, locally-specified. We then start
with aLagrangian density = (‘ﬂ,,/ )T (‘H”]’ ) VQ’ Vi ) and demand that this remain invariant under local
transformations / (X) ® /7 @x) =U (X)/ (X) . We are then required, as is well-understood, to replace "
with the covariant derivative D" =" - igG"(x). We will not take the space here to explore the well-
known progression by which one then finds that U = e™ where a, are the group phase angles and T
are the group generators we have used throughout, except to say that the resulting Lagrangian is given by

= (Dn/' )T(D”]' ) VQ’ Vi ) and that this includes a new gauge term gZ‘G”y ‘2, where | | =()"( ),

and where G”=T'G"”. Weadsonotethat / '/ , henceVQ' Vi ) islocally-invariant.

It is well known how to break the symmetry for SU(2) to arrive at a series of massive vector
bosons, see, e.qg., [4], section 14.9, as well as how to include the photon through SU(2)xU(1) breaking,
see [4], section 15.3. Let us now go straight to SU(3), following a similar approach, and see if there is
some way to give rise to a mass for the mediators of SU(3), which in turn would make the strong
interaction short range and provide a possible foundation for understanding the masses of the various
vector and scalar mesons which are so prevalent experimentally.

For SU(3), we employ the complex scalar triplet:

J1ti/
J =k st (4.1)
Js*i/ 6
mentioned at the end of section 4. We then follow the usual procedures for finding the minima of
VQ’ Vi ) and set j '/ =%Q’12 S At 62)=%v2, where v is an SU(3) vacuum
expectation value (vev) with a scalar mass dimension of +1. We then break this symmetry by setting
J1=/,=/3=/,=/¢=0and/.=v. Withal of the above, we may then write:

11



2 m
7 Gs G , (4.2)
\3

N

=1m2(G,"f +1m2(6,"f +1m2 (G, +im2 (G, +im?(G,”)
+im,’ (G3m)2 +im,’ (sz)2 +im? (Glm)2

where, in the final line, we compare this to Lagrangian terms expected for the mass of a vector boson.
We see that this choice of vacuum is invariant under the explicit SU(2) subgroup of SU(3), which leaves

m,, m,, m, massless, and overall, yields the following masses for all the bosons:

My =y33V8 m=my=m=m,=5vg; m=m,=m;=0. (43)
Now, we return to the matrix M™* © (m2 - 2M '1) of (3.6). To establish this matrix, and thereby
the matrix M which appears in the Lagrangian term - 2gTr (J ”MJm) and which we saw in (3.11) may

be used to project out masses, let us use (4.3) to form the matrix m?° (Tim)T(ijj) in
Mto (m2 - 2M '1). As an intermediate step, we use (4.3) to form:

Zm m,-im, m, - imy 22 1-i 1-i
Tlm =1 mg+im, - Emy+m; m-im,  =Zvg 1+i - %\/E o . (4.9
m,+im m7+im, - Em-mg 1+ 0 -442
Then, from (4.4), we obtain:
a+g i) 20-1)
m2:(T‘rr'\)T(T"mj):1—16(vg)2 (1+i) 2+2 2 . (4.5)

+
(1+i) 2 2+2

Then, we return to (2.16), and use (4.5) above to ca culate the complete inverse matrix:
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M*t=m’-2M*=

“(vgf
- 18p," pPm- 6p, pn %(1- i)(vg)? g( i)(vg)* 8 3
- 15(p6u - ip7“)(p6m+ip7m) - 9(p6u - ipf)(% pe+ p3m) 9(p - ips )( p'm- P m)
- 15(}94u - ipsu)(p4m+ip5m) ( - ipsu)(plm+ip2m) 9( - ip; )(p m= ip® )
- 6{p +ip,*Yp'n- ip%)
2(vg)
2 (1+i)va) - 9P, P’n- 150, P+ 2 BT 2(vg)
=% 9(% P+ pau)(p6m+ip7 ") - 15(Peu +ip7u)(p6m- ip’») +18(ﬁ Py )(plm- %)
9( - ip, )(p m+ip® ) il 6(p4u +ip5u)(p4'"' ips,,,) - 9(p6 +ip, )(p“,,,- ips,,,)
- 15(p," - ipzu)(plm+ip2m)
2(vg)
@( i)(vg)? 2(vg) - 9p," p’m- 15p," p°n- 1783 Py P
9(% Ps - Ps )(p4m+ip5 ) +18( Ps )(p1m+ip2m) - 6(p6u +ip7“)(p6m- ip7m)
9( *ip, )(p mip’ ) - 9(p4 +ips )(pem' ip7m) i 15(p4u +ip5“)(p4m_ ipsm) @9

- 15\p," +ip2“)(plm- ip*s)

From here, we (laboriously) calculate the inverse M = (M '1)'1 using the form of equation (2.18), and

i =

1
then, we may use (3.11), (m2 )i _‘(-—)1 to project out 64 mass values for 64 distinct vector
2Tr(T'MT,
J

bosons (though it is to be expected that some vector bosons will have the same masses, i.e., that we will
obtain less than 64 mass valuesin total). Additionally, the imaginary terms in the above yield imaginary
mass terms, which one can interpret as a particle width / half-life. The vev v is an unknown, and the

running charge g can be taken as the running strong charge g = g, =+V4pa, for sensible values of the

strong coupling a,. What should emerge from this procedure will be 64 values ( ) al specified in
reference to the mass scale vg, some duplicated. The ratios should then be compared to the

experimental values of the known vector mesons. If the procedures set forth here accord to physical
reaity, then it should become possible to fix a definitive value for vg , and the masses projected out from

i 1
m’}’' = : should thereafter accord with the known spectrum of vector meson masses.
( )' 2Tr{T'MT. ¥

5. Explicit Calculation of the Matrix Inverse

Now, it is time to explicitly calculate the inverse of (4.6). First, taking each of the gauge bosons
with masses given in (4.3) to be on mass shell, p> =m?, we can thereby use the mass relationships (4.3)
to deduce the following square momentum rel ationships:

0 D m=2p, P PP = PP = PP = PP PP = P P = PP (51)
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Then, using (5.1) and taking advantage of the fact that that every term in (4.6) is a square momentum
p,”p’ m, we can replace all occurrences of pq”, ps-, P, in (4.6) with p,", al occurrences of p,", p,"

with p,", and al occurrencesof pg with \/% p,". With these substitutions, all of the square momentum

terms remaining in (4.6) are either p,"p’m, P P°m Or Py' P’m. Asaresult, one can greatly consolidate
and reduce (4.6).
Now, we will eventualy want to substitute p,"p’»=2(vg)’ and p,"p*»=0, but the term

pg,u p’m presents a hurdle because it is the vector product of a massive momentum with a massless
momentum.  We will want to re-express p,'p’» as a direct function of the known products

p, " p’m=2(vg)’ and p,'p°’»=0. Here, we add and then square p’m plus p*m, thereby defining a
Mandel stam-type variable:

s° (p7m+ pgm)(p7u + psu): p7mp7u + pgmpsu + 2p7’"p3u (5-2)
which we then use to make the substitution:
0" npy" =4 (s~ pTwp - pPapy), (5.3)

followed by further reduction. It is tedious, but straightforward to confirm, that the foregoing
subgtitutions make it possible to reduce (4.6) to the following:

142(1- i)vay 1V2(1- i)(vg)?
() - 72p,0"n- 18pp%n +3AE-V2)- G- V2lpcetn - e+v2)e - v2)lore
+2(3-1)p%p;’ - 2(1+1)p%mpy’
- 2(3-i)s +3(1+i)s
12(1+i)vgf 2 (vg)* 2(vg)
+32- V2)+ - v2flor o' - 316+2)p"up" - qlo+2)+ V2],
M= +3(3+i)p%py - 35+ 2)ptp - 3V2(L- 1)p*py’
- 3(3+i)s +3V2s +3V2(1- i)s
V2(L+i)vg) 2(vg)’ 2(vg)
~Je+v2)- G- V2)lorers - orv2)- valpre - 3f16- V2o up;’
- 2(1- i)pPmpy” - 3V2(1+i)pmpy’ - 3(15' \E)p3mp3u
+2(1-i)s +3V2(1+i)s - 3J2s (5.4)
Now, again using (4.3), we place these square momenta on mass shell by setting
P, P’ m=%(va)f; py'p°n=0. (5.5)
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We also relate s to the square mass scale + (vg)2 , by defining the dimensionless parameter Ssuch that:
s° Si(vg)’. (5.6)

Now, factoring out an overall square mass (vg )2 , (5.4) further reducesto:

. +50- 9) 50-9)
o L1 i)g(1- 9)- 5v2) +@-i)el- 9)- 3v2)
+$(-9) - §-1372S
M= slof sl 9-2v2) TR iyeme g )
%(1 S) %+i%\/§S 88 4 3 -
el 9-342) - @iy RS

Applying (2.8) and (5.7), we next calculate the “inverse-inverse” matrix M times ‘M'l‘:

M M | = 4 (vg)*”

ymm_ 5517 +(L-iN2(32- 53) +-iN2(55- 52)
(Zggfé)s“ +((3§ 11)+(11+3)&)1- S) - (@1+11)+(5- 21)L)1- )
g - [L+i)ss +(1+i)ss
Z(1- s) +(1- 1)38425(1- 9) (1+3)3¢v2s(t- 5)

- (1-1)33+2(1- s (5+3)2242(1- S

1-i)3s ; (@+i)g+@-i)eN2(- s)
* 52./2(1- S)

+(1+i)324/25(1- 9) R i 2425

- (@L+i)3320- o) #0-9) (3+6)35(1- sf

+{L+iN2(55- 52) -5 4+58

- ((L1- 11 )+ (15+21i )5 )(1- +23- 53

+E§11|)?;) wranEl-9) (@)% +0ri)sN20-9) +(2+3)12(1- 9)
waasas) £10- 5 ©9
(5 3)%%\/5(1_ S)Z (3' 6i)%%(1 S)Z
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Then, using (5.8) and (2.18), we obtain the determinant:

M=% (vg)° - 9%S(- 9) . (5.9)
+(59¢ + 71¢)(1- SY
+3x22./25(1- S)
+3x22./2(1- S)°

WORK IN PROGRESS TO BE CONTINUED — EXPLICITLY CALCULATING INVERSE
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